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ABSTRACT 

' A simple relationship is obtained between pressure changes associated with friction and  the geostrophic drag 
coefficient. From this, the imbalance between frictionally  induced mass inflow and outflow is shown to be one or two 
orders of magnitude smaller than  either  the inflow or outflow. 

Numerical integrations using the primitive equations  are performed for an axially symmetric autobarotropic 
low-pressure system. The velocity  components and pressure  tendencies are found to depend  critically  on the  drag 
coefficient. 

Two  actual synoptic cases are  studied using a quasi-geostrophic numerical model incorporating- release of latent 
heat. Computations  are performed with  and  without surface  friction. When friction  is excluded, the 1000-mb Highs 
and Lows are more  intense. 

Ttvo methods of computing the surface  stress are compared. One is based on  variations in  terrain height and  the 
other on the  nature of the vegetation. Differences are large, especially over the western part of North America. 

1. INTRODUCTION 

An accurate  computation of the stress (force per unit 
area) a t  the interface  between  atmosphere and  earth  is 
desirable for many reasons. Wind speeds and vertical 
motions in  the  Ekman layer  (planetary  boundary  layer) 
depend  critically  on the surface  stress. The frictionally 
induced  vertical  velocity  contributes  to low cloudiness 
and precipitation. If the atmosphere is conditionally 
unstable,  this forced ascent will facilitate  development of 
convective clouds. In  addition,  the  importance of Ekman 
layer  frictional influences in long-range forecasting and 
the general  circulation  is easily demonstrated (see, for 
example, fig. 7B1 of Smagorinsky and others, 1965, .or 
Rung, 1968). Other influences are described below. 

It is  readily shown that, if there were  no compensating 
mass outflow aloft, the frictional convergence in  the 
Ekman layer in cyclones would result  in pressure rises far 
in excess of those observed. The mass outflow must almost, 
but  not  quite,  balance  the mass inflow. In  section 2, a 
simple  relation  between  the  pressure  tendency  and  the 
geostrophic drag coefficient is  derived.  This  permits  a 
compaiison of the  magnitudes of the mass outflow or 
inflow and  their  sum  (that is, the  net inflow). 

I n  section 3, an axially  symmetric  autobarotropic low- 
pressure  system is studied  by  integrating  the  primitive 
equations of motion. The pressure tendencies, wind 

Stanstead, Quebec, July 81-Aug. 1,lI)N. 
I A summary of sections 3 and 4 of this  paper  was  presented at  the Stanstead  Seminar, 

components, and  vertical velocities are  found  to  depend 
critically on the  drag coefficient. From a  survey of the 
literature, Sawyer (1959) suggests the following values 
for the  drag coefficient: 

over  sea  5 X 
over land generally 1 X lo-*, 

and 
over  mountainous  country 3 X 

The value for over the  sea is somewhat  smaller than  pro- 
posed by Sheppard (1958) of about 2 X Nevertheless, 
the  range  in  drag coefficient suggests that observed  changes 
in cyclones when  moving over  a  surface of varying 
roughness  (land to sea) may  be due, in  part,  to  variations 
in surface  stress. 

The role of surface  friction in  the development of 
hurricanes has  recently  received  considerable  attention. 
Charney  and Eliassen (1964) have suggested that surface 
friction may accelerate the  growth of tropical cyclones 
in  the early  stages. This is due  to  moisture  supply  and 
subsequent  release of latent  heat arising from  frictional 
convergence. The  importance of this effect was also 
recognized by Ooyama (1964). Kuo (1965) derived  a 
relation  between  moisture convergence and release of 
latent  heat  in cumulus clouds. Krishnamurti (1968) 
adapted  KUO'S  results  into a  tropical  numerical fore- 
casting model. However, release of latent  heat is also 
important  in  the development of extratropical cyclones 
(Danard, 1964, 1966a, b ) .  
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. Graystone (1962) studied effects of surface  friction  with 
a two-level quasi-geostrophic numerical model. Released 
latent  heat was not included. I n  a 24-hr forecast, the 
central 1000-mb height of a cyclone was  raised 150 m by 
including friction.  Bushby (1968)  performed calculations 
with a 10-level primitive  equations model including release 
of latent  heat  and friction. In  one  case study,  themagnitude 
of the 24-hr-forecast vertical velocities at  900 mb was 
increased by more than 10 mb hr" as a  result of incorpo- 
rating  surface  friction. However, the maximum rainfall 
rates were relatively unaffected. I n  another case, the 
inclusion of friction raised the 24-hr predicted  central 
pressure of a sea-level Low by 16 mb. I n  section 4, com- 
parative 36-hr numerical  integrations,  with  and  without 
surface  friction, are  made for two  synoptic cases of mid- 
latitude cyclogenesis. The model (Danard, 1966a,b) 
incorporates effects of released latent  heat.  The friction- 
free prognoses give  more  intense  Highs and Lows at  1000 
mb  than do the forecasts  with  surface  friction. However, 
surface  friction has  little effect on  predicted  precipitation 
amounts. 

When  surface  stress is incorporated  into  numerical 
weather  prediction models (for example, Shuman  and 
Hovermale, 1968), use is often made of the geostrophic 
drag coefficients provided by Cressman (1960). These drag 
coefficients depend  on  variations in terrain  height. How- 
ever, a different approach has been  followed by  Lettau 
(1962) and  Kung (1966). In  their  computations,  vegeta- 
tion,  rather  than  undulations  in topography,  determines 
the  magnitude of the stress. Some support for this  postu- 
late is provided by Holopainen (1963)  who estimates 
that half the frictional energy dissipation in  the lowest 
kilometer occurs below the anemometer level. I n  section 5, 
the surface  stress is computed  by  the two methods 
described above. Since the disparities  between the two 
calculations are large, it is concluded that  the com- 
putation of surface  stress needs further investigation. 

9. A SIMPLE  RELATION  BETWEEN  THE PRESSURE 
TENDENCY AND THE  DRAG  COEFFICIENT 

Ignoring  horizontal  eddy diffusion, the  equation of 
motion may  be  written 

where V and V, denote  the  horizontal  and  geostrophic 
winds, f is the Coriolis parameter, w=dz/dt the  vertical 
velocity, p the  density,  and r the  stress  on a horizontal 
surface. In  order to delineate the effects of friction, 
equation (1) will be linearized and bV,/bt substituted  for 

The pressure  tendency at  the earth's  surface (assumed 
flat) is given by 

Horizontal  variations in p and f will be neglected, and 
bV,/bt will be assumed independent of height. This would 
be true  in a hydrostatic  autobarotropic  atmosphere 
(section 3). Substituting  equation (2) in (3) then yields 

where r0 is  the  stress exerted by  the  atmosphere  on  the 
earth's  surface. 

Consider the ageostrophic  terms in equation (2). If, 
for example, the pressure  gradient  is weakening, the  term 
j" k x b V , / b t  is  directed  towards  higher pressure. The  term 
- (fp)" kXbr/bz is of importance  in  the  Ekman  layer. If 
brldzis  in  the opposite  direction to V,, this  term is directed 
towards lower pressure. These two ageostrophic  terms 
give rise to the two terms on the  right side of equation (4). 
At  the  center of a filling Low, the first term of (4) is 
negative, and  the second is  positive.  These  terms may be 
regarded as representing,  respectively, effects of diver- 
gence above and convergence within  the  friction  layer. 

An estimate of bpo/dt in a typical  synoptic  situation 
may be obtained by  setting v&bpo/bt=-k2dpo/bt,  where 
k=2?r/L is the wave number and L is the wavelength. 
Let ro=pCgVgVg, where C, is the geostrophic drag co- 
efficient and V,  is the surface geostrophic wind speed. 
Ignoring  horizontal  variations in C, and V,, equation (4) 
gives 

where {, is the surface  geostrophic  vorticity. For p,= 
1000 mb, L=3000 km,  p=l.2X10-3gm ~ m - ~ ,  {,=5X10-5 
sec", f=10-4 set", C,=2X10-3, and V,=20 m sec", 
equation .(5) gives dpo/bt=0.22 mb hr-l. At  the  .center 
of a Low, the pressure  tendency is equal  to  the  rate of 
change of the  central  pressure following the  motion of the 
Low. Thus  surface friction  tends to fill cyclones, and if 
they  are observed not  to do so, this  must  be.  due to other 
influences. 

It may  be remarked that  with  the above values, p,,k2 
X (pof2)-l=37 so that  the termpo(pf2)-1v&bpo/bt in equation 
(4) is large in  magnitude  compared  to bpo/bt except for very 
long waves. Thus  the frictional convergence in  the  Ekman 
layer (last term  on  the  right side in  equation (4)) is very 
nearly  compensated by  the divergence above (first term). 

A final  point,  which  is obvious from  equation (5 ) ,  is 
that  the frictionally  induced  pressure  tendency  is propor- 
tional  to the  drag coefficient. This will be  investigated 
further  in section 3. I 

3. FRICTIONALLY  INDUCED  CIRCULATIONS 
IN AN AUTOBAROTROPIC  ATMOSPHERE 

The  equation of motion may  be  written 

~=-gvz--fkxV+.Kv2V+F, dt  

where V is the isobaric gradient  operator, z is the height 
of an isobaric surface, K is the coefficient of horizontal 
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eddy diffusion, and F, is the ' horizontal  frictional force 
due  to  vertical mixing. 

Equation (6) is  applied to  an axially symmetric  auto- 
barotropic low-pressure system  with  a  smooth wall a t  
r=lOOO km.  Cylindrical  coordinates (r,  0,' p) are used. 
For a hydrostatic  autobarotropic fluid, P z  is  independent 
of p. The  symmetry condition implies that 

a+/ae=o (7) 

where 9 is any scalar  function. The equation of continuity 
takes  the form 

--+- - (rv,) = O  a, l a  
ap r ar 

where  w=dp/dt. Equation (8) may  be combined with  the 
components of (6) to yield 

+K [:a"T( -- r - 2) -3 :] +Fro (9) 

and 

+K -- r - -- +FtU (10) ['Ta"T( 2) :] 
where v, and v8 are  the components of V in  the  radial  and 
tangential directions, respectively, and F,, and Ft,  are 
the components of F,. 

The isobaric  height  tendency at  the earth's  surface, 
which is assumed flat, is 

Since the fluid is autobaro tropic, az/at is  independent of p. 
The primitive  equations (8)-(11) are  integrated numer- 

ically to  obtain v,, v8, and w at  the 10 levels p=lOO, 
200, . . ., 1000  mb. The pressure  gradient force, obtained 
from (ll), does not  vary  with height. In  equation (ll), 
w is the  value at  the earth's  surface rather  than  at 1000 mb. 
This is obtained by extrapolating  the  values at  900 and 
1000  mb. The Coriolis parameter is assigned a constant 
value of  sec". The forces F,, and F,, are zero except 
at  1000 mb.  Here  they  are given by 

F,, = - Cpv,V/Ap 
and (12) 

F,, = - CpveV/Ap 

where C is the  drag coefficient, V= (V,"+V:)"~ is the wind 
speed at  1000  mb, and Ap=lOO mb. Equations (12) are 
applied a t  every  grid  point  except the  outer wall ( r = l O O O  
km).  The value K=4X lo9 em2 sec-l is used. This lies 
within the  range of values  computed by Grimminger 
(1941) and  Murgatroyd (1969). The frictional  terms in 

equations (9) and (10) are  computed from data  at  the 
previous rather  than  the  current  time  step to  avoid com- 
putational  instability. 

The horizontal mesh size Ar  is 100 km and  the  time  step 
is 5 min.  Simple  centered differences are used in general. 
For examde. 

where the  subscript denotes the grid  point. One-sided 
differences are used for  the second term  in  equation (8) 
in  computing o a t  r=O and r=lOOO km.  However, the 
predicted  values of z a t  the  outer wall (1000 km)  are too 
low when  this  value of w is used in  equation (11). This  is 
remedied by extrapolating z linearly  from  values at 
r=800 and  r=900  km. 

The  initial values of z ( r )  a t  1000 rnb are given in figure 1. 
They  are  proportional  to r2 and correspond to uniform 
initial  geostrophic  relative  vorticity of 5.X10-5 sec". The 
initial velocities are given by 

and 

Thus, vo initially  satisfies the  gradient wind equation  and 
is given in  table 1. Throughout  the  integrations, z lg  is 
constrained to  satisfy  equation (15) a t  the  outer wall and 
is,  therefore,  independent of p there. Other  boundary 
conditions are 

v,=ve=O a t  r=O 

and (16) 

vr=O at r=lOOO km. 

Numerical  integrations  with  the  same  initial  conditions 
are carried out for 24 hr using the following values of the 
drag coefficient: 0 ,5  X lod4, 2 X lo+, and 1 X 10+ (figs. 1-7). 
In  each case, C is increased  linearly with  time  from zero 
initially .to the  above  values by 72 time  steps (6 hr). After 
6 hr, C is held fixed. This procedure is preferable to im- 
posing surface  friction  impulsively a t  the  start. I n  the 
latter case, small-scale oscillations contaminate  the 
results.  Presumably  this  is  important  in  the  initialization 
procedure  for any  primitive  equations model incorporating 
surface  friction. 

Predicted  values of the  tangential velocities after 24 
hr,  averaged  over the 10 pressure levels, are presented 
in  table 1. Typically, v8 is constant  from 100 to 900 mb, 
with a somewhat  smaller  value a t  1000 mb.  The loss in 
kinetic  energy  increases  with r .  Part of this  is  due to  
lateral diffusion, as is seen from  the  results  for C=O. 
The most important reason, however, is that  the surface 
stress  varies as the  square of the wind speed,  and the 
latter increases with r.  

Predicted  values of z(r)  a t  1000 mb  after 24 hr  are given 
in figure 1. I n  the case of C=O, the  height  changes  are 
due to horizontal mixing. The  height rises near  the  center 
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0 500 
I( km P 

TABLE 1.-Initial  tangential  velocities and  average  values  after 84 hr 
(units, m sec-1) 

r(102 km) Initial values 

(mbt 
P 

FIGURE 1.-Curve 1, initial values of Z(T)  at 1000 mb; curves 2-5, 
24-hr predicted  values  using C=O (curve 2), 5X 10" (curve 3), 
2X (curve 4), and 1 X 10-2 (curve 5). 

of the Low increase  with the  drag coefficient. The increase 
is somewhat less than linear. 

The  radial  and  vertical velocities are  largest after 
about 10 hr.  This  is 4 hr after  surface  friction  is  fully 
imposed. Figures 2-7 show v, and w at  this time for the 
non-zero values of the  drag coefficient used. The magni- 
tudes  depend  critically  on the  drag coefficient. 

Under  adiabatic  conditions, 

AA+AK=W (17) 

where A is the available  potential  energy of the fluid 
(Lorenz, 1955), K is  the kinetic  energy of the horizontal 
motion, A refers to a  change  over  a  time period At, and 

is the work done by friction. In equation (18), dm is an 
element of mass, M is the  total mass,  and F=KV2V+F,. 

As shown in the appendix, 
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FIGURE 2.-Radial velocities  after 10  hr for C = 5 X W 4  (units, 
m sec-l) . 

where 

The bar  denotes  an  average over the horizontal  area S,  
and zo and po are  the  height and  density at the isobaric 
surface p=lQOQ mb. 

The left  side of equation (17) is  evaluated  from the 
results of the four  numerical  integrations described above 
(table 2). Here, A1=24 hr. W is  simply  the  sum of AA 
and AK and  is not computed  independently.  Although K 
is  considerably  larger than A, the  relative decrease 
- AAIA increases  with  increasing 6: somewhat faster 
than  the  ratio - AK/K. Even though  the  frictional 
forces of equation (12) are  directly  proportional  to Q, 
the  variation of "w with G is less than linear. This is 
because the velocities a t  a given time decrease with in- 
creasing 6. This  is  partially offset by  the  fact that  the 
contribution of lateral mixing to "w decreases with 
increasing C for the same  reason. 
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FIGURE 4.-Radial velocities after 10 hr for C = l x  10-2 (units, 
m see-]). 

4. EXPERIMENTS WITH A  QUASI-GEOSTROPHIC 
' NUMERICAL MODEL 

A more  realistic study  may be made using a  numerical 
model incorporating effects of released latent  heat.  The 
author  (Danard 1966a, b)  has  previously  described  such 
a model. This model uses the quasi-geostrophic  vorticity 
and omega equations.  Influences of orography  and  surface 
friction are included  in the  boundary condition for w at  
1000 mb.  Here,  the  frictionally  induced  vertical  velocity 
is prescribed by 

Wf=--Sk 9 v x cgvgvg. (21) 
aj 

FIGURE 5.-vertical  velocities after 10 hr  for  C=5X10-4  (units, 
mb sec-1) . 

I001 I 1 

d b n )  

FIGURE 6.-Vertical velocities after 10 hr  for C=2X10-3 (units, 
mb sec-1). 

The upper  boundary  condition  is w=O at  200 mb.  With 
these  boundary  conditions,  the omega equation  is  solved 
for vertical velocities at 775,600,  and 400 mb. The vorticity 
equation gives prognostic  heights a t  850, 700, 500, and 
300 mb. The 1000-nlb height  is  obtained  from  a  linear 
relationship  with the 850- and 700-mb heights. 

The model  is  applied to two actual  synoptic  cases of 
cyclogenesis (figs. 8-15). For each  case,  four 36-hr in- 
tegrations  are performed : 

1) moist  with  surface  friction, 
2) moist  without  surface  friction, 
3) dry  with  surface  friction,  and 
4) dry  without  surface  friction. 
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T / 

FIGURE 8.-The 36-hr 1000-mb prognosis for case 1 (valid for 0000 
FIGURE 7.-Vertical velocities after 10 hr for C = 1 x  10-2 (units, GMT on Feb. 13, 1965) ; moist without surface  friction  (units, 

10-3 mb sec-1). 10 m). 

TABLE %.-Initial  values of K and A and 24-hr decreases, see equation 
(1’7). Units, 1024 ergs 

1 

K 
Initial values 24-br decreases 

6.9 1.0 * 1 c=o C=5XlW C=2X104 C=lXI0-2 

-“ 
- A K  
“w 
-MIA 
-AK/K 

0.3 0.5 
1.2 2.2 
1.5  2.7 
0.18 
0.18 

0.9 1 . 4  
3.5 
4.4 

5.0 
6.4 

0.33 0.58 
0.32 

0.86 
0.50 0.73 

In  the “moist”  integrations,  latent  heat is released  and 
precipitation  amounts are predicted. In  the  “dry” mode, 
no condensation occurs during  the computations. The 
calculations  with  surface  friction  use  values by Cressman 
(1960) for the geostrophic  drag coefficient C,. These  vary 
spatially.  Surface  friction is excluded simply by  setting 
Cg=O in  equation (21). 

The initial  times  for  the  two  cases  studied  are 1200 
GMT on  Feb. 11, 1965, and 1200 GMT on Feb. 24, 1965. 
For convenience, these will be  referred to as cases 1 and 
2, respectively. The verifying 1000-mb chart .for  case 2 is 
given in  figure 16. Results of the  integrations  including 
surface  friction are given  in Danard (19663). From figures 
8-15  of the present  paper, it is seen that  the exclusion of 
surface  friction  results  mainly  in  more  intense  Highs  and 
Lows. In  the moist  integrations,  the  precipitation  center 
is moved  faster  when  friction  is  excluded  than it is when 
friction  is  included. This  accentuates  the  trough  northeast 
of the predicted low center (figs. 8 and 12) and  accounts 
for the  greater discrepancy  there for the moist  integrations 
(figs. 9 and 13). 

FIGURE 9.-Difference between 1000-mb moist  prognoses  (without 
friction-with friction) for  case 1 (units, 10 m). 

As is  evident  in  table 3, the root-mean-square difference 
between  predictions  with  and without surface  friction is a 
significant  fraction of Az .at 1000 mb. The rms difference 
decreases with  height up to 500 mb. Since Az increases 
with  height, the  relative effect of surface  friction decreases 
fairly  rapidly.  When  release of latent  heat  is included, the 
differences increase. The chief reason  is that in  the “moist” 
integrations, the trough northeast of the cyclone center  is 
affected more by surface  friction  than it is in  the  “dry” 
prognoses (see above  discussion). 

Surface  friction  has little overall effect on the predicted 
precipitation  amounts.  Predicted  values  for the integra- 
tions  with  surface  friction as well as observed  amounts are 
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FIGURE 10.-The 36-hr 1000-mb prognosis for case 1; dry  mithout FIGURE 12.-The 36-hr 1000-mb prognosis for Case 2 (valid for 
surface  friction  (units, 10 m). 0000 GMT on Feb. 26,  1965) ; moist without surface  friction 

(units, 10 m). 

FIGURE 11.-Difference between 1000-mb dry prognoses (without 
friction-with  friction) for case 1 (units, 10 m). FIGURE 13.-Difference between 1000-mb moist prognoses (without 

friction-with  friction) for case 2  (units, 10 m). 

given in  figures 11 and 12 of Danard (1966b). The  totals 

are  shown  in  table 4. When  surface  friction is included,  relation: 
the cyclones are less intense  and,  presumably,  midtropo- rk=pc;v: .  (23) 
spheric  vertical  velocities  are  smaller.  However,  this  is 
offset by  the increase  in low-level vertical  velocity  due  to  Here, C, is obtained  from  a regression equation using 
frictional  convergence.  tabulated  values by  Lettau (1962) as a  function of surface 

for the depicted  in  figures 8-15 of the present  paper 011 the  other  hand,  Kung (1966) proposes the following 

.~ 

5. A COMPARISON OF TWO  METHODS 
Rossby number RO,: 

RO -- v, OF COMPUTING SURFACE STRESS S - Z O f  
(24) 

Cressman (1960) computes the  surface  stress  from  the and 
equation 

rc=pcgv: (22) 

where C, is  calculated  from  variations  in  height of terrain. The roughness  parameter zo is  determined by  the  vegeta- 



842 MONTHLY  WEATHER  REVIEW V O l .  97, No. 12 

FIGURE 14."The 36-hr 1000-mb prognosis for case 2; dry without FIGURE 16.-The 1000-mb chart for 0000 GMT on Feb. 26, 1965 
(units, 10 m). 

TABLE 3."Root-rnean-square height diferences between  S6-hv 
numerical predictions  with  and  without  surface  friction. Az is  the 
actual  rms  36-hr height change (units,  meters) 

Level (mb) I Case 1 Case 2 

1000 
850 
700 

300 
500 

Moist Dry A2 

43 
54 50 

41 
i 2  

35 
64 

33 
32 

82 
a 126 

32 a 165 

Moist Dry A2 

59 54 132 
47 44 110 
,39 35 
37 

134 

38 
32 179 
32 245 

TABLE 4.-Total  36-hr  predicted  precipitation for  the area  shown in 
.figures 8-16 (units, gm) 

C W  1 a 

With iriction 
Without friction 

4.7 6.9 
5. 0 7.0 

FIGURE 15.-Difference between 1000-mb dry prognoses  (without 
friction-with friction) for  case 1 (units, 10 m). 

tion, without  regard to  orography. This is the most 
important difference between equations (22) and (23). 
However, it is not  intended  to  imply  that  Kung was 
unaware of the significance of topography. 

Figures 17 and 18 show the  results of computing  the 
surface  stress by  the two methods,  Cressman's  and 
Lettau  and  Kung's,  for  the  synoptic case shown in figure 
16. These  computations were  performed by  Graham (1968). 
The lack of agreement between figures 17 and 18 is 
obvious, especially over the western part of North 
America. Thus it appears that our knowledge of the 
surface  stress is still  far  from complete. 

6. CONCLUDING REMARKS 
When surface  friction  is imposed impulsively in the 

primitive  equation  integrations described in section 3, 
gravity waves  result. This suggests that  the  initial 
velocities should take  into account the same physical 
processes as  the model itself. In  the present study,  this 
is remedied by introducing  friction  gradually  during  the 
first 6 hr. 

Frictionally  induced  vertical velocities and pressure 
tendencies  depend  critically  on the  surface  stress. However, 
the  drag coefficient varies by two orders of magnitude 
over the  earth's  surface. It is, therefore, suggested that 
surface  friction  plays an  important role in  the dynamics 
of the atmosphere. 
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FIGURE 17.-Surface' stress  computed by Cressman's method (see 
equation (22)) for 0000 GMT on Feb. 26, 1965 (units, 10 dynes 
cm-2). , 

The effec't on precipitation is not clear.  Surface  friction 
appears to inhibit cyclogenesis  (see section 4) and, there- 

' fore,  reduce  midtropospheric  vertical velocities. On the 
other  hand, low-level vertical  motions are enhanced by 
frictional convergence. Perhaps  the best  test would be 
comparative  integrations  with a multilevel  primitive 
equations model using real  initial  data. 

APPENDIX 
DERIVATION OF EQUATION (19) 

T o  derive an expression for A, we note that  an  auto- 
barotropic  atmosphere has a dry-adiabatic  lapse  rate T d  

and  a depth Ts /yd ,  where T,  is  the surface  temperature,. 
,The  total  potential energy per unit area is 

( p f l ) _ ~ T s i r d  (gz+C,T)pdz=- 2 l  T s / r d  pdz.  (26) 
0 

Substituting p=p, (l-T) in  equation (26) yields 
g /Rrd  

However, 

and 

where zo and To are  the  height  and  temperature at  the 
isobaric  surface po=lOOO mb.  Substituting (28) in (27) 
gives 

367-888 0-69-2 

FIGURE 18.-Surface stress computed  by  Lettau  and  Kung's 
method, see equation (23), for 0000-GMT on Feb. 26, 1965 (units, 
10 dynes cm-2). 

Omitting  terms of higher order than zi, equation (29) 
becomes 

where 
(p+I)=c~+ c2zo-k (30) 

and 

C 2 ' T  QPPO, 

c "PO" Q D  9 
3 - R  2 

The area-averaged total  potential  energy,  denoted  by  a 
bar,  is 

(P+I) = Cl+ c,z,+ c,2 * (32) 

This has  a  minimum when zo=Zo everywhere: 

(P+l),c=c1+c~~o+c~~~' 
The available  potential  energy  is just  the difference mul- 
tiplied  by the area S: 

A=C~(~-Z~D)S=C~(ZO-~~)*S.  (33) 

For use in  equation (17), we have 

AA=C~SA(ZO-~, )~  (34) 

where Zo is invariant for an  adiabatic  autobarotropic 
fluid. 
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